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Abstract. We consider the Dirichlet problem 

( Cu = in D 
\ u = g on 8D 

for two second order elliptic operators C^u = X]™j=i a \ 3 ( x ) diju(x), k = 0, 1, 
in a bounded Lipschitz domain D C H n ■ The coefficients at' 3 belong to the 
space of bounded mean oscillation BMO with a suitable small BMO modulus. 
We assume that Co is regular in L p (dD,dcr) for some p, 1 < p < co, that 
is, ||JVu||iP < C||g||ip for all continuous boundary data g. Here a is the 
surface measure on 3D and Nu is the nontangential maximal operator. The 
aim of this paper is to establish sufficient conditions on the difference of the 
coefficients e' l ' 3 {x) = a^ J (x) — a ' J (x) that will assure the perturbed operator 
C\ to be regular in L q (dD, da) for some q, 1 < q < oo. 



1. Introduction 

In the present note we consider linear elliptic second order differential operators 
in nondivergence form C = j=i a *'' 3 ( x ) d*j > where A{x) = (a* ,J (a;))" J - =1 is a 
symmetric matrix verifying the uniform ellipticity and boundedness condition 

(1.1) A|^| 2 <^(^<A|C| 2 , x,eel" 

for some fixed < A < A < oo and n > 2. We study the Dirichlet problem 

Cu = in D 
u = g on dD 

on a bounded Lipschitz domain D C lR n . From [[l] and a standard approximation 
argument it follows that if the coefficients a lJ are in VMO (BMO eo ) and g E C(dD) 



(1.2) 



problem (1.2) has a unique solution u — u g S C(D) p| W^{D) for all p, 1 < p < oo 
(1 < p < Po(qo))- We denote by a be the surface measure on dD and we say that 
the operator C is regular in L p (dD, da) or that T> p holds for C in D, 1 < p < oo, if 
there exists a constant C p which depends on n, A, A, D, p and the BMO modulus 
of the coefficients such that for all continuous boundary data g the solution u of 



(1.2) verifies 



(1-3) \\Nu\\ L p( dDtd ^ < C p \\g\\Lp{dD,d<j), 
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where Nu is the nontangential maximal operator 

Nu(Q) = sup \u(x)\ 
r a (Q) 

here and henceforth T a (Q) denotes the interior truncated cone (of opening a) 

(1.4) T a (Q) = {x e D : \x - Q\ < (1 + a) 5(x)} f| B r , (Q), 

<5(.t) = dist(x, dD), B r (x) denotes the ball in M n centered at x of radius r and 
a > a* — a* (D) > 0, r* = r* (D, A, A, 77) > are fixed (here 77 is the BMO modulus 



of the coefficients of C, see Section |2j and (2.10)). When necessary, we will write 
iV a ii for the nontangential maximal operator of opening a. 

The purpose of this note is to give sufficient conditions for the preservation of the 
regularity of the L p Dirichlet problem under small perturbations on the coefficients. 
Given two elliptic operators Ck = Y^ij=i a k J { x )dxiXj , where Ak(x) = (a]f {x))fj =1 , 
k = 0, 1, are symmetric matrices verifying (1.1), let e(x) — {a{ 3 (x) — (x))™ - =1 be 



the difference between the coefficients and B(x) = Bs( x )/2(x), x € D, we consider 
the quantity 

(1.5) a(x) — max ess sup \e % ' J (y)\. 

l<i,j<n y eB(x) 

For Q S dD and r > we denote the boundary ball of radius r at Q by A r (Q) = 
B r (Q) p| dD, and the Carleson region at Q of radius r by T r (Q) = B r (Q) f] D. Our 
main result is the following: 

Theorem 1.1. Suppose that Co verifies T> p for some p, 1 < p < 00, then there 
exists go = Qo(n, A, A, D, C p ) > such that if a]f € EMO eo (_ZR"), 1 < i,j • < n, 
k = 0, 1, and 

1 f a 2 (x) 

(1.6) sup / —— r- dx = M < 00, 

QedD,r>0 V{J-r{.Q)) JT r (Q) °{ x ) 

then C\ verifies T> q for some q, 1 < q < 00. 

A similar result was established in 0] for divergence form operators with coeffi- 
cients in L°°(]R n ). We are able to adapt the divergence case techniques and obtain 
the results in ||, H and B (under extra assumptions on the coefficients) for the 
nondivergence case (see |5j). This gives a partial answer to the problem posed by 
C. Kenig in j|] (Problem 3.3.9). Condition ( |l.6| ) says that the measure a 2 /5dx is a 
Carleson measure with respect to a with Carleson norm bounded by M. 

By the maximum principle the correspondence g <— > u g {x) is a positive linear 
functional on C(dD) for each fixed x S D . The Riesz representation theorem 
implies that there exist a unique regular positive Borel measure lo x = uj^ D such 
that 

<x) - / g{Q)duo x {Q). 

JdD 

The measure lo x is called the harmonic measure for C and D at x and constitutes 



one of our main tools in the proof of Theorem 1.1. Also crucial for this task 
is the concept of normalized adjoint solution (n.a.s.), first introduced in (see 
also S, |9)). In |l(| n.a.s. are used to define a proper area function for solutions of 
nondivergence form operators with bounded coefficients. We also use the theory of 
Muckenhoupt weights Q , (l^] and in particular the result in |]l3) which establishes 
that nonnegative adjoint solutions are A p weights for all p, pa < p < 00, where po 
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depends on the BMO modulus of the coefficients. Other important elements in 
our proofs are the a priori estimates for solutions JL4| , |Q, basic properties of the 
harmonic measure , [^5) , || and weighted Poincare inequalities |ll| . 

Remark 1.2. It is known [jlTj jl8) that the Laplacian operator A = Y^i=i®x 2 ^ s 
regular in L p for 2 — e < p < oo where e — e(n, D). On the other hand, examples 
in [ fl9| show the existence of a nondivergence operator C\ with continuous coeffi- 
cients A\ in the closure of the unit ball B in M n , such that C\ — A on dB and the 
harmonic measure lo\ — u>Ci.b is singular with respect to the surface measure a. 



In particular, C\ is not regular in L p (dD, da) for any p (see Theorem 2.2). Setting 



Cq = A, the modulus a (a;) corresponding to this example violate s co ndition 



1. 



This shows that the perturbation problem addressed in Theorem LI is non trivial, 
even for continuous coefficients. 

2. Preliminaries 

In general, we write X < Y when there exists a constant C > which depends 
at most on n, A, A, 77 and D such that X < CY. Similarly, we define the expression 
X > Y and write X « Y when X < Y and X > Y. 

If G C M n is a Borel set we denote by C(G) the space of real valued continuous 
functions on G. If fi is a cr-finite Borel measure on G, L p (G,dfj,), 1 < p < oo 
denotes the Banach space of /j-measurable functions / on G such that ||/||.Lj>(G,d/i) = 

(Jg I/I p ^aO^ < 00 ■ We use g?x to denote the Lebesgue measure in M n , \E\ = J E dx 
for any Borel set E in R n and we write L P {G) = L P (G, dx). The spaces L°°(G, d/i), 
Lf oc {G, dfj.) are also defined in a standard way. If G C M n is open, k is a nonnegative 
integer and 1 < p < oo we set W k ' p (G) to be the Sobolev space of functions / with 
k weak derivatives in C P (G) (see [^0| Chapter 7). 
Given / e C^ oc (M n ) we set 

?7(r,x) =r]f(r,x) = sup 1 / |/(y) - f Ba (x)\dy 

s<r \£>s{X)\ JB B (x) 

where = pjj- J E f(y) dy. We say that / has bounded mean oscillation or that 
/ e BMOOR") if 77 e L°°(m+,M n ) and set ||/||bmo(K") = ||»7/IU-((jh-,h»))- 
Definition 2.1. Given £ > and £ > 0, we let $(g, £) be the set 

$(Qi — i 1 ! '■ 1R + l— * ]R + , "r\ non-decreasing, r\{r) < g whenever r < C}- 
We also set &(g) = U<;>o C)> an d given 77 € <J>(p) we denote by £(77, g) — £(77) = 
sup{C>0:7 ? e$(g,C)}. 

If £> > we say that / e JMO e (M n ) if r?(r) = ||r?(r, OIU".^) lies in $(g). 
If lim I ,_ >0 + (r) = we say that / has vanishing mean oscillation or that / G 
VMO( J K") (see [|l]). We also define BMO(G) and BMO(G,d/j) in a standard way 
through the modulus 

ri{r,x,G,ii) =sup / |/(y) - /s^n G,d M l <^ 

s<r P\Ps\p) I |LrJ JS»(x)n G 

where /e,^ — Tipjy Je /(f) ^ ^ c ^™ ^ s a Borel set and /j is a Borel measure . 

Given an non-decreasing function r\ : M + 1— ► -ZR+, we denote by 0(A,A, 77) the 
class of operators L — Y^j=i a% ' 2 '( x ) d^ix, , w ith symmetric coefficients A(x) = 



(a 1 ' 3 (x))™ verifying the ellipticity and boundedness conditions (1.1) and such 



4 



CRISTIAN RIOS 



that a 1 ^ G BMD(iR n ), 1 < i,j < n, with BMO-modulus of continuity 77 in D. When 
there is no restriction on the regularity of the coefficients of C, we say C € 0(X, A). 

We denote by D a bounded Lipschitz domain in M n . That is, a bounded, 
connected open set D such that its boundary dD can be covered by a finite number 
of open right circular cylinders whose bases have positive distance from dD and 
corresponding to each cylinder C there is a coordinate system [x' ,x n ) with x' € 
M n ^ 1 , x n 6 M with x n axis parallel to the axis of C, and a function tf> : JR n_1 1— > M 
satisfying a Lipschitz condition (\%p(x') — ip(y')\ < m \x' — y'\) such that Cf] D = 
{(x',x n ) : x n > i[>(x')}f)C, and Cf]dD = {{x',x n ) : x n = tp(x')}f]C. Whenever 
we say that a quantity depends on D, we mean it depends on the Lipschitz character 
of D. In what follows we assume that D is contained in the unit ball and contains 
the origin. 

Let A denote a generic boundary ball in dD, i.e. A = A r (Q) for some r > 0, 
Q £ dD. Given two Borel measures p and v on dD, we say that \x is in with 
respect to v on dD and we write p, £ A 00 (diy) if there exist < £ < 1 and k > 
such that 

(2 - 1} KA) >C ^MA) 

whenever E C A and E is a Borel set. The theory of A^ weights originates in [[n] 
and [^2| where the results below can be found (see also jl^] and (2^]). We say that 
p is in the reverse Holder class B p i(dv), 1 < p' < 00, if p is absolutely continuous 
with respect to v and A: = -# verifies 



KA)7a J - KA) 

for all boundary balls A C dD. The weight k is in A p {dv), 1 < p < 00 if 

<2 - 2) {^i""}{^//^r sc< °°- 

It is easy to see that Aoa is an equivalence relation, and that k € A p (dv) if and 
only if fc _1 6 B p i{dp), - + \ = 1. The best constant C in (2J2) is called the 
A p (dv) "norm" of k and we denoted it by \[k\\A (dv) or |[m]U (d^)- We will also 
use the convention fc S A p (resp.: B p >, Aoo) whenever k G A p (dcr) (resp.: B p i(da), 
Aoo{da)). 

We say that a measure v is a doubling measure, with doubling constant c = c(y) 
if ^(A2r(Q)) < c^(A r (Q)) for all r > and Q S (9-D. It is also well known that 
if fi € Ap(df) then /i is a doubling measure if and only if v is a doubling measure 
and c(/i) = c(yY\[p\\ Ap{dv) . 

Given a Borel measure p on 3D, we denote by M^g(Q) the Hardy-Littlewood 
maximal operator at Q with respect to p, that is: 

(2.3) M ll g{Q)= sup 1 / g(P)dfi(P) 

QGA(Q) J A 

where A(Q) denotes a generic boundary ball in centered at Q. It is known that 
if p, is a doubling measure, then 

\\M,j,f\\i,P(dD,dv) < C p ||/||Lp(aD,d„), 1 < p < 00, 
with C p > independent of /, if and only if v € A p (dp) Q (see also [p^|). 
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If u is the solution of (1.2) with boundary data g G C(dD) then Nu w M u g 
Theorem 7.3). Here and henceforth ui denotes the harmonic measure for C and D 
at a fixed point xq G D. Since the harmonic measure is a doubling measure H (see 
also ||) we have that the maximal operator is bounded in L p {dD 1 du>), 1 < p < oo, 
and then || iVu|| i p(azj.dw) ^ \\g\\LP(dD,du) for all p, 1 < p < oo. From the weighted 
maximal theorem (Jl^jIV.2.1) we then have that C verifies T) p for some 1 < p < oo 
if and only if w is a weight in the reverse Holder class B p i{da), ^ + y = 1. 

Other basic fact of the theory of weights is that 

A^du) = \J A p {du) = |J B q .{dv), 
p>i p'>i 



hence, to prove Theorem IT it is enough to show oj\ G A 00 (da). The following 
theorem is a consequence of the weighted maximal theorem, the theory of weights, 
and the inequalities Nu w M u g. 

Theorem 2.2. Let oj be the harmonic measure with respect to C in D and fi be a 
Borel measure on dD. The following are equivalent: 

(i) io e A oa (dp t ). 

(ii) There exist 1 < p < oo such that T> p (dfi) holds, that is 

\\Nu\\ LP (Q Dt di_i) < C p \\g\\LP(an,dfi)- 

(iii) ui is absolutely continuous with respect to /i and k = ^ belongs to B q {dfi), 
(i + i = l). 

2.1. A Priori Estimates and Properties of Solutions. 

Theorem 2.3 (Maximum principle |fo) 9.1.). Let C € 0(X,A), D be a bounded 
domain and u G C(D) p| W'"(-D) verifies Cu > / with f S L n (D), then there 
exists C > which depends only on n, diam(T>), A and A such that 

supw < supu+ +C||/|| L »,(m. 

D dD 

Theorem 2.4. Let w € A p , p € (l,oo). There exist positive numbers c — c(n,p, A, A, | [w] \a v ) 
and g p = g p (n,c), such that if r\ G $(g p ), and C G 0(A,A,?y), then for any open 
set Vt C M n , diam(fi) < C(v)> an d an H u G ^o' P (^) we have 

\\diju\\LP(n,w) < c \\^ u \\lp(h,w) Vi, j = 1,- • • ,n. 

Proof. This theorem is an immediate consequence of the techniques in fl4|| and 
weighted estimates for singular integral operators and commutators. We give a 
sketch of the proof. Given u G Wq' p (£1), we have the following representation 
formula 

d l]U (x) = K i;j I E (a hk (x)-a hk {-))d hk u(-) + Cu(-) 
(2.4) U,fc=i 



where 



+Cu(x) / Ti(x,t)tjda(t). 
J\t\=i 

fct,jf( x ) = lim , / ^i. 3 (x,x-y)f(y)dy 
Jn\B,(x) 
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is a principal value operator and Ti(x,t) — -^-T(x,t), Tij(x,t) — g t 9 g t T(x,t). 
Here T(x,t), x G fi, is a fundamental solution of £ou(t) = Y17j=i al ' 3 ( x ) diju(t) 
(see |Q for details). For each pair 1 < i,j < n, /Cjj is a singular integral 

operator with a regular kernel and then K-ij is bounded in L p (dw) with operator 
norm which depends on n, A, A, p and |[w]|yi p (c.f. Jl^ , Theorem IV3.1., see 
also [^4) Theorem 2.11). From the weighted estimates for commutators in p4j , 
we have that the commutators Cij,h,k, 1 < hj>h,k < n, given by Ci,j,h,kf(%) = 
a h - k (x)JCi^f(x) — Kij (a 1 ' 3 ' f) (x) are bounded in L p (]R n , dw) with norm ||Cij,/i,fe|| < 
c ||bmo(-R™ dw)- Moreover, whenever / is supported in we have the localized 
estimate (see Theorem 2.13) 

\\Ci,j,h,kf\\tP(Q,dw) < c I! a * J IIbMO(O) ll/IUj>(n,<2«;); 

where we used that since w G A p we have c ||a IJ ||bmo(S"2,c2m)) < c ||bmo(o)- Fi- 
nally, it is not difficult to check that the factor multiplying Cu{x) in fl2.4| ) is uni- 
formly bounded, with bound depending only on n, A and A. From ( |2 .4f) and the 
mentioned estimates we have 

n 

\\di] u \\LP(a,dw) < C \\Cu\\ LP ^ ndw ) +C ^ ll a ' l ' fc ||BMO(f2) \\dhkV,\\Lv(n,dw), 

h,k=l 

the theorem follows taking g p < (2 n 2 c) _1 . □ 

The following theorem follows from the results in jl[, the techniques just exposed 
and standard arguments (see Theorem 8.1 in 0). 

Theorem 2.5. Let w G A p , p G [n, 00) and £> c JR" be a Lipschitz domain. 
There exist a positive g p = g p (n,p, A, A, |[io]|a p )> such that if rj G <&(pp), and £ G 
0(A, A, 77), then for any f G L P {D, w), there exists a unique u G C(D) P| W^. P (D, w) 
smc/i i/ia£ £u — f in D and u = on dD. 

Moreover, if dD is of class C 2 , then u G Wq' p (D, w) f] W 2 ' P (D, w) and there 
exists a positive c — c(n,p,\,A,\[w]\A p ,X>dD), with \ = Ai&m{D) / C,{rj , g p ), such 
that 

\\u\\w 2 'P(D,w) < C 11/11 Le(D,w)- 



For each x G D and /, u as in Theorem 2.5, the maximum principle (Theo- 



rem 2.3) implies that the positive linear functional / 1 — > —u(x) is bounded on 
L P (D). From Riesz' representation theorem we have that there exist a unique 
nonnegative function Gc,d{%, •) € £ p (D) with p' = such that 

(2.5) u(x) = - f Gc, D (x,y)f(y)dy. 

J D 

Definition 2.6 (Green's function). The function Gc.rj(x,y) is called the Green's 
function for C in D. For simplicity we will often write G(x,y) = Gc,D(x,y). 

Corollary 2.7. For all cp G C£°(D) and x £ D we have 

<p(x)=- I £(p(y)G(x,y)dy. 
Jd 
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C (A') 



2.2. Properties of the Harmonic Measure. 
Lemma 2.8 ( §, @). Let A = A r (Q) 7 Q G &D: 

1. A' = A S (Q ) CA,I6 D\T 2r {Q). Then W «*«)(A') ~ 

2. ^(^(A) w 1, z r (Q) uen/?es 5(x r (Q)) « |x r (Q)) - Q|. 

3. (Doubling property) w x (A) rs w :E (A2 r ((3)), x € D\T 2r (Q) . In particular, the 
harmonic measure lo can not have atoms. 

2.3. Adjoint Solutions and Area Functions. 

Definition 2.9 (Adjoint solution). Given £ G 0(A,A), a locally integrable func- 
tion v is an adjoint solution of £ in a domain D and we write C*v = in D, 
if 



v Ctp dx — 



for all <y9 € C£°(D). More generally, if / G £^(-0), we say that 7j is a solution to to 
C*v = fii 



v Ctp dx = f tpdx 
d Jd 



for all tp G C C °°(D). 



So v is an adjoint solution for £ in I? if cV, (a 1 - 7 v) = in the sense of distributions. 
Suppose now that rj G $(g n ), where g„ is given by Theorem 2.5 for p = n and <&(f? n ) 
is as in Definition 2.1. If £ G 0(A, A,?y) and G is the Green's function for £ in £> 
(see Definition 2.6), then for each x G D, G(x, •) is an adjoint solution of £ in 
D\{x}. Indeed, from Corollary |2.7| we have 



Cp(y) G(x, y) dy = -p(x) = G C c °°(D\{x}). 

The following existence theorem for adjoint solutions is a consequence of the 
classical theory for smooth operators [ pO[ , Theorem 2.5 and the maximum principle, 
we omit the standard proof. 



Theorem 2.10. Let rj G <&(g n ), where g n is given by Theorem 2.1 for p = n and 
$(g„) is as in Definition 2.1. If C G 0(A, A, 77) and G is the Green's function for C 
in D then for any f G L"- 1 (D), there exists a solution v G L "- 1 (D) to the problem 

(2.6) C*v = f mD. 

Examples in |25| show that even if the coefficients of £ are continuous, adjoint 
solutions could be not in L°°(D). Further "weight type" regularity exists in the 
case of positive nonnegative solutions. In || it was shown that if w is a nonnegative 
adjoint solution for £ G 0(A, A, 77), then logiu lies in BMO. Next theorem |13|] is a 
more precise version of this result, more suitable to our applications. 



Theorem 2.11. Let < g < g n where g n is as in Theorem 2.1, rj G 3>(f?) (see 



Definition 2.1), C G 0(A, A, 77), and w be a nonnegative adjoint solution to C*w — 
dij{a l, ^w) = on Biq. Then there exists go = ga(n,X,A, g) > 0, such that log 7/; is 
a function lying in BMO 0O . Moreover, go < g 1 for some 7 = 7(71, A, A) > 0. 



Recall that (the Lipschitz domain) D C Bi, where B r 
x G dBg and we let p — p(£) be given by 

(2-7) p{y) = G c ,B 10 (x,y) in B w 



B r (0). We pick a point 
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where Gc.b w is the Green's function for C in Bio (see Definition p^ ). From the 
previous theorem we have that there exists g** > such that if C G 0(X, A, 77) with 
i] G $(£?**), then p is a weight in Aa{B&), and |[p]U 4 (see (p^)) depend only on 
n, A, A. We set 

(2.8) g* = - min{g**, p„}, 



where p„ is given by Theorem 2.5 for w = p and p = n. Since |[p]U„ < |[p]U 2 < 
|[p]U 4J the constant g* depends only on n, A and A. Note also that pdx is a 
? 

doubling measure in _Bg with doubling constant which depends only on n, A and A. 

Definition 2.12 (0, n.a.s.). Let C G 0(A, A), a normalized adjoint solution for 
£* in _D is any function w of the form 

v{x) 



w(x) 



p{x) 



where v is a solution of the adjoint equation C*v = in D and p is given by (2.7) 



Normalized adjoint solutions, first introduced in [Q, enjoy many desirable prop- 
erties adjoint solutions fail to verify. Following the techniques in j7j, the Dirichlet 
problem for n.a.s. is uniquely solvable for continuous boundary data and coefficients 
in 0(A,A,?/), with 77 G <f>(p„). A Harnack principle holds for nonnegative n.a.s., 
as well as a boundary Harnack inequality and a comparison principle (see @], [|| 
and [fil| ). Although the definition of n.a.s. depends on the particular choice of the 
normalizing function p, this choice has no qualitative impact in our applications. 



Lemma 2.13. Let g* be given by (\2.q), then if 77 G $(f?*), £ G 0(A, A, rj), u sa- 
tisfy Lu = in D, and v G L^ oc (D) is a nonnegative adjoint solution for C in 
B3 r (xo) C D, then for < 2r < £(77) and any constants [3 and 7 the following 
holds 

|V 2 7i(a;)| 2 v(x)dx < r~ 4 / \u(x) — (3 — j x\ 2 v(x)dx 

B r {x ) " JB 2r {xo) 

+ r~ 2 / \\/(u(x) — 7 x)\ 2 v(x)dx. 

JB 2T {x a ) 

Proof. We choose a nonnegative <f> G (7 c °°(i?2r(a;o)) such that <f> = 1 in B r (xo) and 
|<9j</>| < Mr" J , j = 0, f , 2, with M > a universal constant. Applying Theorem 2A 
to the function (u — ft — 7 x) cj>, we have 



(2.9) / \V z u(x)\^p(x)dx < / \C{{u- (i- 1 x)4>(x))\ z p{x)dx. 

Developing the derivatives, re-arranging terms, applying H olde r inequality and since 
u is a solution for £, we have that the right hand side of fl2.9| ) is bounded by 

C J (\u{x)-(3-jx\ 2 \\7 2 (f)(x)\ 2 + \X7(u{x)-jx)-X7(t>(x)\ 2 ) p(x)dx, 

which proves the le mma in the case v = p. Let now w — v/p, with v as in the 
statement of Lemma 2.f 3 . Then to is a normalized adjoint solution of the operator 



C in £>. The lemma follows from Harnack inequality for n.a.s. (c.f. ]7J, |l5j). □ 
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Lemma 2.14 (JTofl , Lemma 2). Let G{x,y) be the Green's function in D for C € 
0(A,A). Then there is a constant ro depending on the Lipschitz character of D, 
such that for all Q G 3D, r < r , y G dB r (Q) f] Ti(Q), and x ^ T4 r (Q), the 
following holds 

G(x,y) p(B(y)) 



5{y) 2 p(v) 



uj x (A r (Q)). 



The following lemma establishes that the regularity of the Dirichlet problem 
depends on the coefficients locally at the boundary. 

Lemma 2.15. Let Co, C± G 0(A,A, 77) be such that if Aq and A\ denote their 
respective matrices of coefficients, we have that for some so > 

A\(x) = A2{x) for all x G D such that 5{x) < so, 

then there exists C > 0, depending only on n, ellipticity, D and Sq such that 

C- 1 u) (A r (Q)) < wi(A r (Q)) < C wo(A r (Q)), VQ edD,r> 0, 

where loq and lo\ denote the harmonic measures for Co and C\, respectively. Ln 
particular, w\ G f| p >i A p {duo) n f| g >i B q (du> ). 

Proof. Let Q G 3D, r = 2& , Q s = {x G D : S(x) < s}, and G , Gi denote the 
Green's functions in D for Cq and C\, respectively. Then for any x G D we have 
that the functions Gq{x,-) and G\[x, ■) are adjoint solutions for £ m ^srAi^}- 
From the comparison principle for normalized adjoint solutions p5| , we have that 

Go{x,y) G (x,y r {Q)) 
Gi(x,y) G 1 {x,y r (Q)) 
From Lemma 2.f4 fl(| we have 

cj! x (A y ) ~ wi x (A r (Q))' 



where A„ = A S (P) with s « « |y — P\, P G 9£>. From Lemma 2.8 - (2) and 
the interior Harnack inequality we have 

u> x {A y ) » wi"'(A w ), y G T r (Q), x G T 5r (Q)\n 4 r- 

From the interior Harnack inequality for solutions, p^ |, the harmonic measures u>f , 
i = 0, 1, where X G f2s r \r24 r , are comparable to the respective harmonic measures 
at the center of D, loq and u>\ (with constants depending on D and so); thus we 
obtain for some C > as wanted 

CT 1 wo(A v ) < wi(A„) < CunfA,), VyGft^. 

The general case follows from Lemma |2.8|-(3). □ 



Definition 2.16 (Area functions). For a function u defined on D, the area func- 
tion of aperture a, S a u and the second area function of aperture a, A a u, are defined 
respectively as 

S a u(Q) 2 = I ^ ^ \Vu{x)\ 2 p(x)dx, 



(Q) P{B{x)) 
and 

AMQf = I -^dv 2 u(*)l 2 p(x) dx 
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where p is as in (2.7), B(x) — B S r x \/ 2 ( x )> an( A Q S dD 



Theorem 2.17 (Q). Let C £ <3(A,A), u £ C{D) a solution to Cu = in D, 
U (Q) — 9(Q) on dD, where g £ C(dD). If v is a positive Borel measure on dD, 
which is in A^^), where u> is the harmonic measure for C in D evaluated at 0, 
then given < p < oo, a > 0, f3 > ; there exists a constant C which depends on 
n, ellipticity, p, a, [3, the constant of v and the Lipschitz character of D such 
that 

\\S a u\\L-P(dD,dv) < C\\Npu\\ L v(dDAv)- 

Moreover, if u(0) = 

\\N a u\\ L r(dD,dv) - C \\Sp u \\LP(dDAv)- 

Lemma 2.18. Let C G 0(A,A,?7), u a solution to Cu — in D and w an A 2 
weight. Then if B2 r (x) C D and 2r < Civ): we have 



\V 2 u{y)\ 2 w{y) dy< 



C 



\Vu{y)\ 2 w{y)dy 



'B r (x) r JB 2r (x) 

where C depends only on n, D, ellipticity and \ [w\\a 2 - 

Proof. Choose a cut-off function <f) £ Q°° (B2 r (x)), with = 1 on B r {x) 



\di<t>\\ 



L~(B 2r (x)) 



< Mr~ 



2 = 0,1,2, 



and M a universal constant. Applying Lemma 2.13| to u(f> we obtain 



|V 2 w| 2 dw<— / \Wu\ 2 dw + ^j / \u- u B2r(x ^ w \ 2 dw, 

B T {x) r JB 2t {x) r JB 2r (x) 

where ub,w = w ^ J B udw. By the weighted Poincare type inequality (Theorem 
1.5 in fllal) we have 



\u ~ UB 2r (x),w\ w(y)dy<Cr / |Vu| w(y) dy 

B 2r (x) JB 2r (x) 

where C has the required dependence, this finishes the proof. 

We will fix from now on the length of the truncation r* for the cones T a (Q) 
{x £ D : \x - Q\ < (1 + a) 5(x)} f| B r .(Q) defined in (O). We set 



□ 



(2.10) 



r = mm 



{r , (2V^)- 1 C(»?)}, 



where ro ~ ro(D, A, A) is as in Lemma 2.14| , r\ is the common modulus of continuity 
for Cq and C\ in Theorem 1.1 and £(77) is given by Definition 2.1. 



Theorem 2.19. Let g* be given by (2^6), r\ £ &(g*), C £ 0(A,A, 77) and u be a 
solution to Cu = in D. For any a > a*(D) > we have the point-wise inequality 
on 3D 

A a u(Q) < CS ca u(Q) 

where c > 1 depends only on dimension n and C depends on n and the ellipticity 
constants. 
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Proof. Let {Qj}J^ l be a Whitney decomposition of D into cubes, that is, D = 
Uj^i Qji Qj an d Qk have disjoint interiors for j ^ k, and rj = side-length(Q j ) ~ 
dist(Qj, dD). Denote by Xj the center of Qj. We assume that B 2 ^ rj (xj) C D, 

and denote Qj the cube with center Xj and side length y/nrj . Note that there exist 
constants N and c > 1 depending only on the dimension n such that 

oo 

(2-11) E XQ } <Nxr ca (Q) 

i = i 

where xb!^) denotes the characteristic function of the set E. We have 

Alu(Q) = £ / Qnr(Q) ^))|VVx)| 2 p(,)^ 

^ c E ^ifer/ iv 2 ^)i 2 pw-^ 

Since 77 £ $(g*), p is an ^2 weigh t with A 2 constant depending only on n, A and 



A. N ote t hat by assumption ( 2.1C ) we have 2^/nrj < C(v)j we a PPly Lemma 2.18 
and ( 2.11 ) to obtain 

A 2 a u(Q) < C E o( bL.)) i \^u{x)\ 2 p(x)dx 



Q 3 nr Q (Q)#0 



Jr CQ (Q) p(-B(a;)) 
= 7VCS 2 Q «(Q)- 



□ 



We will also find useful an averaged version of the nontangential maximal func- 
tion. 

Definition 2.20. For a function u in D and a > 0, define the modified nontangen- 
tial maximal function N®(u) by 



iV>(Q) = sup if u 2 (y) -f^dy 
r«(Q) I ^b ( s ) P{B(y)) 



where -BoM = Bsm (x). 

6 

From the doubling property of the weight p, we have N^u < N a u. When u is a 
solution of any elliptic operator in 0(A, A, 77), we also have: 
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Lemma 2.21. Let g* be given by (BJSh, rj £ ${g*), Ci £ 0(A, A, 77), and u be a 
solution of C\u — in D, then 

N a u(Q) < N° a u{Q) VQ e 9£>. 

Proof. Let Q € <9D and x £ F a (Q), from a known reverse Holder inequality for solu- 
tions ((27), see also Q Theorem 8.17) we have |u(x)| < 1 1 w| | i3/ 2 (So |B (^)r 3/2 - 
Then from Holder inequality we get 



\u(x)\ 



< 



1 



\Bo(x)\i 



Ib (x) p(B(y)) 




Bo 0<0 



p(£(?/)) £ 

p(y) 3 



Since p is an ^4-weight, we have ||1/p||l3(b (x)) ^ \Bo(x)\z p(Bo(x)) l , and from 
the doubling property of p we have p(B(y)) < p(_B(x)) for all y € Bq(x), thus 



Ka;)|<JV° U (Q) 



p(B(a:))5 |B (a;)|i 



-<iV>(Q). 



I So (x) I J p(Bb(s))* 
The lemma follows taking supremum for x g T a (Q) on the above inequality. 

3. The main local estimate 



□ 



We present here a version of Theorem 1 . 1 in which surface measure da is replaced 



by the harmonic measure du>o and (1.6) is modified accordingly. A similar result 
was proved in for divergence form operators. 

Theorem 3.1. Let Go(x,y) be the Green's function for Cq in D and set Go(y) = 
Gq(0, y). There exist Eq > which depend only on n, A, A and D such that if 



£ BVDg., 1 < i,j < n, k = 0,1, and 



(3.1) 



sup < — — — 

r>0,Q£dD Wo(A r (Qj) 



G (y)pf\dy 



< £0, 



then u>i £ B2(cLuo). 



We follow the ideas in (see also || Theorem 2.7.1). Our proof is specialized 
to the case in which the domain D is the unit ball B = Bi(0). Let p be as in (2.7), 
g £ C(dB), and let u\ be the solution of 

L\U\ = in B 
u\ = g on dB 



To prove Theorem 3T it is enough to show that for £0 small enough, there exist 
C > which depends on a > and the same parameters as Eq such that 



(3.2) 



|A r a '"l||i2(aB,da)o) - C ll5lU 2 (as,dw )- 



Indeed, (3.2) is condition (ii) on Theorem 2.2 when we take [i = ujq and u> = w\, 



Theorem 3.1 then follows from Theorem 2.2 



Let now uq solve 



C u 
u 



in B 
on dB 



Then from Corollary 2.7 we have 



u x {x) = u (x) - / G (x,y)L ui(y)dy = u (x) - F(x). 
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Lemma 3.2. Under the hypothesis of Theorem p.l\ we have 

N°F{Q)<eM U0 (A oi u 1 )(Q), 



where N® denotes the modified nontangential maximal operator (Definition 2.2L ). 



Lemma 3.3. Under the hypothesis of Theorem 3.1 we have 



S ca ui dw < 



N a u\ dujQ. 



Let us take Lemmas 3.2 and 3.3 for granted, and let us show how we can then 
conclude the proof of Theorem 3.1. From Theorem 2.2 we have 

(3.3) HAUollz, P{dD,du ) < C \\9\\LP(dD,du )- 



Now, from (p.3|), Lemmas 2.21 
(N aUl ) 2 diJo < 



and 3.3 



dB 



(N° Ul ) 2 duj a 



< 



< 



< 



< 



< 



dB 



[(N°u ) 2 + (N° a F) 2 }du 



OB 



N a uldu> +E 2 / Af Wo (A Q Mi) 2 dw 



OB 



dB 



g 2 dujQ + e 2 



OB 



g duj 



OB 



dB 



g 2 dujQ + e 2 



OB 



(A a ui) 2 duj 
(Scaiix) 2 du> 
(iV a ui) 2 dui 



which proves Theorem 3.1 given that e is small enough. 



3.1. Proof of Lemma 3.2. We assume, without lost of generality, that 
(3.4) e(x) = for S(x) > min{l/2,r } 



We note that from Lemma |2.8| -(1) and Lemma 2.14 we have that if dist(y, dB) = 
S(y) < 1/4 then 

1 Go fa) ^ p{y) 
u Q {A y ) S(y) 2 ~ p(B(y)) 



Then, ( |3.l| ) gives 
(3.5) 



Av)^dy 



1/2 



< 



£(). 



> iB(x) p(B(y)) j 
Let Q S dB and x € T a (Q ). Denote by So = 5(x ), B = Bso(x ), 2B = 

G 

Bs^(xq) and B(x) = Bs( £ i(x). Also, let G(x,y) be the Green's function for £q on 
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B(xq) = Bsq_ and set 

2 

Fi(x) 
Fs(x) 



G(x,y) £o"i(y) dy, 



2B 



/ [G {x,y) - G{x, y)]C ui{y)dy, 

J2B a 

\ G (x,y)C ui(y)dy, 

J B\2B 



so that F(x) = Fi(x) + F 2 (x) + F 3 (x) , x e B(x n ). Remember e(x) = Ai(x) — A (x) 
and a(x) = sup^^ |e(x)|. If x £ Bq we have 



\e(x)\ < 



(3.6) 



< 



C(n) 
\B(x)\ 

C(n) 
\B(x)\ 



a(y) dy 



B(x) 



B(x) 



a 2 (2/) 



p(y) 

p(B{y)) 



1/2 



dy 



B(x) 



p(B(y)) 

p(y) 



1/2 



dy 



< Cen 



p{B(x)) 1 



\B{x)\ \B[x)\J B 



1/2 



(x) 



P 1 (y)dy 



< Ce , 



where we used (3.5), the doubling property of p and the fact that p G A 2 . Note 
that Fx verifies £ ^i = x(25 ) A)"i in #(>o), Fi = on d(B(x )), with x(2B ) 
the characteristic fun ction of 2 B . From the weighted Sobolev inequality (Theorem 
1.2 in fll), Theorem EB1 and (Ijujl) we have 



{UFH^^dxy 



IB(xo) 



(3.7) 



{Ib (xo) ^(x^S^^dxy 



< 



< 



< e v4 Q Mi((3o)- 



p(B(x)) 



Let ^(y) = Go(x,y) — G{x,y), x, y G 2£?(iro). Then if £o* denotes the adjoint 
operator to Co, we have Lq*v x = in B(xq), and v x > in i3(xo). In particular, 
{/(y) = v x (y)/p{y) is a nonnegative normalized adjoint solution (n.a.s.) of Co 
in B{xq) (see Definition 2.12] ). From the maximum principle for n.a.s., Harnack 
inequality for n.a.s. and Lemma 2.14 we have 



(3.8) 



~^ r , G (x,y) _ ^(Ay)5 2 (y) 

v < max v < C — — ~ , — . 

ye2B p(y) p(B(y)) 



where y e d(2Bo) verifies S(y) = dist(<9(2£?o), dB). From Lemm a p^ -(2) and 
Harnack inequality it follows uj x (Ay) ~ 1. Then, from Lemma 2.14, (|3.8|) and ( |3.6D 
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we get for x € B 
(3.9) 

\F 2 (x)\ < so [ 5(y) 2 ^(A ¥ )|VV(y)|-^^ 
J2B P\B\y)) 



iv «h</;i - 
< e Q A a ui(Qo), 

Now define 

O = (Bf|S^(Qo)) , Slj = (sf|B 2J - 15o (Q )) \ (2B Q \jB 2] -2 So (Qo)) , 
j = 1, 2, • • • , j Q - 1, and 

%o — B\B 2jo -2 So (Q ), 
where § < <5 2 J0 " 1 < 1. We set 

F%(x) = / G (x,y)£ u 1 (y)dy, j = 0, 1, • • • , j - 
Jo, 

Thus 

Jo 

(3.10) F 3 (x) = ^^(x). 
We now need to define the notion of a dyadic grid: 

Definition 3.4. A dyadic grid on 95 is a collection of Borel sets X — (JfcLi^fci 
such that 

(i) 0fl = Ujei fc J, fc = l, 2, 

(ii) /, J E Tk, I ^ J ^ I and J have disjoint interiors, 

(iii) I Elk => diam(J) « 2" fe , 

(iv) for every J e J fe , 3! /' e 2~ fe _i : I C k = 2, 3, • • • , 

(v) for every / el there exists a boundary ball A/ such that 

AjC/C cAj. 
where c > 1 is a universal constant. 
If J e X we say that / is dyadic. 

We consider now a Whitney decomposition of B into cubes, B = UqgC *5' as m 
the proof of Theorem [j.lS , it is easy to see that there exists a dyadic grid on dB 
such that for every I E X we can assign a cube I + € Q so that 

(3.11) |J |J J+=fl\Bi(0). 

fc>i i eik 

Moreover, the correspondence I ^ I + can be defined so that for any boundary 
ball A r (<2) we have T r {Q) C {J IeI /c a,.(q) Remember that by (3.4) g = in 
£?i(0). Let A = As,, (Q ) = Bj H^i?, an d suppose / C A dyadic. For x E B a 

2 2 2 

and y E I + we have from Lemma 2.8-(l) and Lemma 2.14 

(3.12) G (x,y) * S 2 (y) 



2 mo(A y ) p(y) _ Gpfa) 



wo(A ) wo(A )" 
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To estimate F®(x) we will use a "stopping time" argument. For j = 0, ±1, ±2, ■ • • , 
let 

Oj = {Qe A : A a ui{Q)>V}, 

6 3 = {Q G A : M W0 {x{OMQ) > c*}, 

= {/ dyadic, I C A : w (in<^) > |w (J) but w Q (If\O j+1 ) < \ u (I)}. 



If I G Jj, by Definition ( p.4[) -(v) and the doubling property of t^o it easily follows 
that for any Q e I 

M U0 (x(Oj)){Q) > c* 

for some c* > depending only on dimension and ellipticity. Therefore, taking this 
choic e of c* in the definition of Oj , we have / C Oj, whenever / G Jj. Now, from 
( flf ) we get 



E 

/cA 

/ dyadic 



G (x,y)£ ui(y) dy 



<5 2 (y)e(y)|W(y)|-^\Tdy. 

+ nf2 p(^(2/)) 



On the other hand, if / C Ao is dyadic then / G J} for some j. Now we set 

J} = {J dyadic: J € Jj, and J C J', J' dyadic, J' G Jj,=> J' = J}, 

that is, Jj is the collection of "maximal" dyadic sets in Jj. It is clear that Jj = 
Uj^-j: J, with a disjoint union. Let T(J) = \J j c j I + , where J is dyadic, then 

/ dyadic 



if J G Jj, from (3.1) and (3.12) we have 
(3.13) 



E "oW/. 



/ dyadic 

/CJ 



2/ s P 2/) > 1 • 

a (y) , m ye dy } < 



T(j)n«o 



<5 2 



By Holder inequality and ( 3.13 ), 



l^3°(z)l 



< 



— 77~T E E (-o(^)) 172 ( E -o(I) / 



<5 4 (y)|W(y)| 2 P[V) 



1/2 



Now we make the following observation: There exists a = a(n) such that if / C dB 
is dyadic, and E C I with 2ojq(E) > ojo(I), then 

f(y)uj (A y )dy< f f f(y)dydLu Q (Q). 

1+ J E JT a {Q) 

This is a consequence of Fubini's theorem and the fact that for appropriate a ~ a(n) 
we have I + C T a (Q) for all Q £ I. From the weak type inequality of the maximal 
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operator M Wo we have uJo(Oj\Oj+i) < ivo(Oj). Then, since uJo(I\Oj+i) > |wo(-0 

and I C Oj for all / G Jj we have 

(3.14) 

r u (Oj)i 



\F§(*)\ < E' 



< 



< 



^o(Aq) 



o 3 \o J+ i J r Q (Q) P( B (2/)) 



w (A 



so 
w (A ) 



oj - {Jo 3 \o 3+ i 



u 1 (Q)duj (Q) 



< 



w (A ) 



A a ui(Q) dcu Q (Q) < e A^ (A Q ui)(Q ). 



Now we claim that for some 9 > we have 

(3.15) \F£{x)\ <2-* e e M Uo (A a u 1 ){Q ), j = 1, 2 ■ • • . 

If we take ( |3.15 ) for granted, adding in j in ( |3.15|) and from ( 3.14 ) and ( 3.10 ) we 
obtain 

(3.16) |F 3 (a:)| < £ M Uo {A aUl ){Q ), x G B . 



Then, from F(x) = Fi{x) + F 2 (x) + F 3 (x), x G B , (|3.7D , ((3J), 03.160 and the 
doubling property of p it follows that 

N°F(Q )<e M Uo (A aUl )(Q ), x e B , 

which proves Lemma 3.2. 

To show ( 3.15 ), we proceed as in the estimate of F§. We set Aj = A 2 j-is (Qo) = 
B2i-ig (Qo)f]dB, and A° = A_y\Aj_i. From Definition 3^4 and simple geometri- 
cal considerations it follows that there exists a > such that 

%c(r a (Q )n%)IJ( U /+ )- 

/cA° 

/ dyadic 

Let lEj G (r a ((5o) fl ^i) = J = 1' 2, • • • , since Go(-,y) is a nonnegative solution 
of jCou = in B\{y} vanishing on dB, G(-,y) is Holder continuous up to the 
boundary moreover, we have 

G (x,y)< 2-' e G { Xi - U y), y G 

where C and only depend on ellipticity and dimension. From this inequality and 
Harnack inequality for nonnegative solutions we have Go(x,y) < 2~ 3 Go(xj+i,y). 
From Lemma 2.14 we get 

G Q (x j+1 ,y) » Wo ^ +1 (Ai) P(2/) p^fo)) -1 ^) 2 « ^ff^ Go (2/). 



From Lemma |2.8|-(2) we have wq^" 1 " 1 (Aj) ~ 1, thus 



(3.17) 



2~o0 

G {x,y) < — 77-^G (y), 



x g B , ye n?. 
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We have for x e B 
(3.18) 



Si" 



£qUi(x) G (x,y)dy\ 



< 



< 



^o(Aj-) J n o 



e (z)|VV(z)|Go(2/)<fy 



|v 2 «iWI«(#A 

si? P(-B(2/)J 



^a 2 (x)%)- 4 G 2 (2/)^|^^ 



< 2"^ 



n° p{B{y)) 



dy 



B 2 (x)6(y)- 2 G (y)dy 



< e 2-^Ax(«i)(Qo). 

On the other hand, an argument similar to the one applied to obtain the bound for 
F and a consideration in the spirit of (3.17) yields 



(3.19) 



C oUl (x) G (x,y) dy\ < e Q 2^ e M^(A a ( Ul ))(Q ). 



>ti J \r<*(.Qo) 

( j.lJj ) follows from ( |3.18| ) and ( |3.19 ) , this concludes the proof of Lemma 3^ 



3.2. Proof of Lemma 3.3. Prom the identity Co { U T) = 2 .Ao Vtti-Viti +2 u\ CqU\, 
we have 

|Vmi| 2 < 2A Vui ■ Vui = C (uj) -2ui£ ui, 
We let B* = Bi- ro , by Fubini's theorem and the fact that e(x) = in Bi we get 

,2 P( X ) 

I v tii | U V- L 

lB\B» 



/ S 2 caUl doj Q < f \V Ul \ 2 5(x) 2 

JdB JB\B* 



p(B(x)) 



lo (A x ) dx 



< 



< 



B\B* 



{C (u 2 ) - 2 Ul C Q ui}S(x) 2 jff^ u> (A x ) dx 



so 



KUWl^x) 2 p{x) 



B\B i 



p(B(x)) 



p(B{x)) 
oj (A x )dx 



where we used Lemma 2.14 and J B Cq(u 2 ) Go(x) dx < 0. Now we apply a "stopping 
time" argument as in the proof of (|3.14| ) to obtain 



S 2 ui dui <e Q N a u x ■ A a m dui - 



i)B 
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From Theorem [2.19| and the inequality \ab\ < fi 1 a 2 + fi b 2 , fi > we get 

Sl a ui dujQ < C e N a ui ■ S ca ui duiQ 

OB JdB 

< f (Nauifduo + Ceo/i I S 2 aUl dLu , 

M JdB JdB 

the Lemma follows from choosing /i so that C e$ /i = ^ . 

4. Proof of Theorem 

We will obtain Theorem 1.1 as a consequence of the following special case in the 
spirit of ||. 

Theorem 4.1. Suppose that loq S A^^da) and let E(Q) be given by 

a 2 (x) 



E r(Q) = \ [ t 



(x) 



dx\ r>0,Q GdD. 



There exists qq — Qo(n, A, A, D, k) > such that if 'a^ € BM02 e * {H n ), 1 < i , j < 
n, k = 0, 1, and 

(4.1) sup £ ro (Q) = Mi < co, 

Q€dD 

then u)\ G_Aqo [do') . Here, C « «re iAe ^4oo constants of luq with respect to a as 
given in (2.1). 



We postpone the proof of Theorem 4.1 to the next section, and we now show 
how Theorem 1.1 follows from this result. We assume that a[x) = if 6(x) > tq/2. 
By Lemma 2.15, this assumption does not bring any loss of generality. Fix Q € dD 
and let < r < ro/2, by Fubini's theorem and (1.6) we have 

' I E 2 (P)da(P) < —L—f ^ldx<M 2 . 



a(A r (Q))J Ar{Q) ry ' " > ~ a(A r (Q)) J TMQ) 5(x) 

So there exists a closed set F C A r (Q) such that 2a[F) > a[A r [Q)) and E[P) < 
M for all P <E F. Now, we need to introduce a "saw-tooth" region SI = Cl[F,r) 
over F, that is, for given < a < f3, ft verifies (see @, [fiof): 

(i) for suitable a', a", Ci, C2 with a < a' < a" < /3 

|J {T a ,(P)f]B Cir (P)} C n C |J {r^^fi^^p)}; 

Pe£ PEE 

(ii) dVLC]dD = F- 

(iii) there exists € SI with dist(xo, 90) w r; we call xo the center of fl; 

(vi) is a Lipschitz domain with Lipschitz constant which depends only on B. 

Let £ = Ylij=i o- hj 9ij where A — {a l ' J (x)}^ j=1 and 



A(x) 



At(x) xetl(F,r) 
A [x) x€B\tt[F,r) 



From the definition of a(x) it is easy to see that 

(4.2) \{yeB(x):a(y)> a (x)}\>\B(x)\. 
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From (4.2) and (|l.6[) we have that for all x e D 



a2 W^n^/ ^{y)dy<M I 



\B{x) 



B{x) 



We set a(x) = sup yeB , x \ \A{y) — A (y)\, then a(x) < a(x) < M for all x G D. Note 
that since for all 1 < i , j < n we have 

^ = a ,J + [a{ J - a^ J )XQ(F,r) 
where Xn(F.r) is the characteristic function of tl(F, r), we have r\a < >7 ao + CM, 
where r\a and ?7 ao are the BMO moduli of continuity of A and Aq, respectively. 
Therefore, if M is small enough, say M < C~ 1 g* , we have that the coefficients of 
C belong to the space BM02 e * ■ 

Our saw-tooth region £l(F,r) can be constructed so that for any Q £ dD such 
that x E T a (Q)f]n{F,r) ^ 0, there exists P eF such that B(x) C T a (P). From 
this observation, we have that if E r (P) is as in the definition of E r (P) above but 



replacing a by a, then E r (P) < M for all P € dD. Therefore, from Theorem 4.1 



we have that the harmonic measure Q for C on dD is in A oa (da) and by a known 
result in the theory of weights (llj there exists 9 > and c > (depending only on 
£ and k) such that 

(4.3) (A)">c- ° iZ) 



w(A r (Q))y - <r(A r (Q)) 
for any set Z C A r (Q). Since ;^wqJ) > 2 we have that if ^Q)) ^ 3 then 
ggfjg > |- Therefore, from Q we get 

Wl>i 

w(A r (Q)) ~ 

Let Xo be the "center" of the saw-tooth region f2(i?, r ) an d denote by uiq the 
harmonic measure for C on dQ(F,r) evaluated at xq. From the "main lemma" 
in JhJ (sec also |P8| ) we have 



Thus, ui n (Ef)F) > C. Since d = C in n(F,r), we obtain wif^Sfl-F 1 ) > C, 
where u>iq denotes the harmonic measure on dCl(F, r) for the operator C\. From 
the scaling of the harmonic measure (Lemma 2.8-(l)) and the maximum principle 
we get 



and then: 



> Kq, 



wi(A r (Q)) 



for some positive Ko- This shows that condition (2.1) holds for the measures w\ 
and a with £ = | and k = Ko- Therefore, tt>i € Acx^dcr) as wanted, in the case 

M<C-V- 

For the general case, define £ t = (1 — £)£o + i£i f° r < t < 1, let K be 
a positive integer such that X -1 Af < C g* and for integers < I < K let 
ai(x) = sup B ( x ) \Ai+i(y) — A_i_{y)\, where A t = (1 — t) A + tA\. Note that since 
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the set BMO e * is convex we have that A t € BMO e », < t < 1, by the same 
consideration, the matrices A t are uniformly elliptic with ellipticity A and their 
entries are bounded by A. Denote by u>t the harmonic measure in D with respect 
to C t , < t < 1. Then since 

a,(:c)= sup \± (A^y) - A {y))\ <^a(x), 0<1<K 7 

yeB(x) K K 

we have that the pairs of operators Cj_ and Ci+i , < I < K verify 



sup h l (r,Q) = M/K < C~ x q* < +oo, 

0<r<r 

QEdD 



where 

{2 ~\ 1 / 2 
cr(A r (Q)) 7 Tr(Q) 8{x) J 

from the previous special case we have 

uj±_ € Ax^dcr) =>• wi+i G A OQ (da), I = 0, , 1, • • • if — 1. 



So a»i € ^^(dcr), this finishes the proof of Theorem 1.1 



5. Proof of Theorem 4.1 



It is clear from 



Now we will show t hat Theorem |4.1| follows from Theorem 1^1 . 
the proof of Theorem |3.l| (see Section |^) that we might replace a (a:) in (3T) by 
3q(x) = sup ygBo ( a; ) |^4o(2/) — ^4i(y)l where Bq(x) is the ball centered at x with 
radius S(x)/c for any fixed constant c > 2. We claim that if we take c = 8 in the 



definition of ao, Mi is given in by (4.1) and < r < rg we have 



(5.1) 



w„(A r (Q)) J Tt(q) uv 1 S(x) 



In fact, from Lemma 2.14 we have 



Tr(Q) 



2/ \ Go(x) 



< 



ag(x) 



Tr{Q) 



p{x) 



p(B(x)) 



u> Q (A x )dx. 



From Besicovitch's covering lemma (1.8.17 in [|23|]), we can find a sequence {xj}°°^ 1 C 
T r (Q) such that T r {Q) c \Ja Bj, where Bj = Bs{ Xj ) (xj) and the balls Bj have finite 
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overlapping. Then 



< ]T^ (A Xj )a 2 (x,) 

i 

j JB{ Xj ) 5{x) n 

< j E?(P)cLo (P), 

-M r (Q) 



where we have used Fubini's theorem; (pjj) now follows from (4.1). Then, if Mi 



is small enough, say Mi < C 1 Eo, from Theorem 3.1 we have that u>\ € ^2(^0) 
and since ujq € A oc (da), we have uj\ S A^dcr), proving Theorem 4.1 in the case 
Mi < C-^o- 

For the general case, we define as before £t = (1 — t) Cq + 1 C\ for < t < 1, let 
K be a positive integer such that C if _1 Mi < £0 and for integers < I < K let 
a;(x) = sup^) |v4i+i (y) — A_^(y)|, where At = (1 — t) Aq +t A\, Denote by ui t the 
harmonic measure in D with respect to £4, < t < 1. Then since 

a,(a:) = sup |i(Ai(j/)-A (y))| < ^(x), 

from the previous result we have 

u± e A OD (da) => uji+1 & A 00 (da), I = 0, 1, • • • , K — 1. 



So wi € Aqo^ct), this completes the proof of Theorem 4.1 
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